In this paper, we investigate theoretically the quantum state transfer in a laser driven hybrid optomechanical cavity with two Duffing-like anharmonic movable end mirrors containing an ensemble of identical two-level trapped atoms. The quantum state transfer from the Bogoliubov modes of the two anharmonic oscillators to the atomic mode results in the atomic quadrature squeezing beyond the standard quantum limit of 3 dB which can be controlled by both the optomechanical and atom-field coupling strengths. Interestingly, the generated atomic squeezing can be made robust against the noise sources by means of the Duffing anharmonicity. Moreover, the results reveal that the presence of the Duffing anharmonicity provides the possibility of transferring strongly squeezed states between the two mechanical oscillators in a short operating time and with a high fidelity.
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I. INTRODUCTION
Over the past decade, cavity optomechanical systems have received a great deal of research attention from both theoretical and experimental points of view because they not only provide the opportunity to gain new insights into the quantum-to-classical transition [1] , but also have been demonstrated to possess remarkable applications in various fields including the ground-state cooling of mechanical oscillators [2] [3] [4] [5] [6] , generation of the mechanical and optical nonclassical states [7] [8] [9] , and coherent state transfer between the cavity and mechanical modes [10, 11] , to mention a few. In a prototypical cavity optomechanical system, the mechanical motion of a movable mirror interacts with the radiation field of a high-finesse cavity via the radiation pressure force which, to the lowest order, is linearly proportional to the displacement of the movable mirror [12] . By realizing many-photon strong couplings between the mechanical resonator and optical cavity [13, 14] and assuming that the rotational wave approximation (RWA) is valid, two types of interactions can be distinguished [12] : the parametric down-conversion interaction which is behind all forms of bipartite Gaussian entanglement [15] , and the beam-splitter like interaction which is responsible for quantum state transfer between the cavity field and the mechanical oscillator [16] [17] [18] .
Photons are the fastest and most robust carriers of quantum information [19] , however, their localization and storage are very challenging. For this reason, much attention has been paid to the quantum state transfer between the intra-cavity field and movable mirror as a quantum memory element. So far, many works have been devoted to the problem of state transferring between optical and microwave cavities with the help of an intermediary mechanical oscillator [10, [20] [21] [22] [23] [24] . In addition, it has been * farmomeni.1392@gmail.com shown [25] that the cavity field can also be a mediator for transferring the quantum state between two distant mechanical oscillators. In [16] it has been shown that the mechanical squeezed state can be obtained by transferring the quantum correlation between two input optical fields to a single macroscopic oscillator. Also, it was pointed out that after eliminating adiabatically the linearized cavity field, the transfer of the single optical mode correlation into a pair of macroscopic oscillators can pull them into a two-mode squeezed state. Furthermore, the quantum state transfer between two distant mechanical oscillators in two coupled optomechanical cavities before and after the arrival of the mediating cavity modes to the steady state has been investigated, respectively, in [17] and [18] .
A common feature of the above-cited investigations is that they treat approximately the quantum mechanical oscillator as a harmonic one, as its intrinsic anharmonicity (nonlinearity) is considered small enough to be ignored. In recent years, the realization as well as the enhancement of the anharmonic (nonlinear) regime have been experimentally demonstrated in some settings, including mechanical resonators based on graphene and carbon nanotubes [26, 27] , levitated nanoparticles [28] , and optoelectromechanical systems [29] . On the other hand, it has been found that anharmonicity gives rise to some interesting quantum phenomena. For example, the investigation of the quantum and classical dynamics of an anharmonic (nonlinear) oscillator in phase space shows that a decoherence-induced state reduction results in a quantum-to-classical transition [30] . In [31] a theoretical scheme has been proposed to generate periodic and chaotic optical signals in an electro-optomechanical system via the Duffing-type of mechanical anharmonicity. Besides, quantum anharmonic oscillators provide new possibilities for quantum state generation and manipulation in mechanical systems. In this direction, it has been shown [32] [33] [34] that anharmonicity is a resource to create nonclassical quantum states such as entangled and squeezed states of a mechanical oscillator. In the context of optomechanical self-oscillations, a theoretical proposal has been made [35] to achieve the steady-state sub-Poissonian phonon statistics in an optomechanical cavity, by using the intrinsic anharmonicity of the mechanical oscillator. Furthermore, it has been recently proposed a protocol to estimate the anharmonicity of a quantum mechanical oscillator in an optomechanical cavity [36] in order to explore its contribution to the dynamics and its impact on the experimental results.
In this work, we are going to investigate theoretically the role of the intrinsic mechanical anharmonicity on quantum state transfer in a hybrid atom-optomechanical cavity. For this purpose, we consider an optomechanical cavity with two moving end mirrors which are modeled as two stiffening Duffing-like anharmonic quantum oscillators. The cavity which is driven by a strong input laser contains an ensemble of identical two-level atoms. Since the intrinsic (geometrical) nonlinearity of a sub-gigahertz micro or nano-mechanical resonator is usually very weak in the regime of very small oscillation amplitudes [37] , we follow Ref. [34] to produce a strong mechanical nonlinearity. We investigate the state transfer between the mechanical modes as well as between the collective mechanical Bogoliubov modes and the atomic mode before the cavity field arrives at the steady state. To describe the quantum state transfer between any two modes of the system, we adopt the so-called "hybrid" state transfer scheme [23] . We show that the quantum state transfer between the mechanical oscillators depends on the atomfield coupling and, therefore, this quantity can be used to control the distribution of the quantum information. It is shown that the presence of the Duffing anharmonicity causes the RWA to be valid in a wide range of the optomechanical coupling rates. This effect makes it possible to increase the optomechanical coupling strength significantly, and thus transmit strongly squeezed states in a short operating time and with a high fidelity. Furthermore, we show that the state transfer from the mechanical Bogoliubov mode to the atomic mode may lead to the atomic quadrature squeezing beyond the standard quantum limit of 3 dB. This squeezing, which is produced before the cavity field reaches the steady state, is controlled by the optomechanical and atom-field coupling strengths and can show good robustness against the thermal bath's temperature and the cavity-field damping.
The paper is structured as follows. In Sec. II, we describe the model system under consideration, give the linearized quantum Langevin equations for quantum fluctuations, and the dynamics of the symmetrized covariance matrix of quadrature fluctuation operators. In Sec. III, we study the squeezing transfer from the collective mechanical mode to the atomic mode, and quantum state transfer between the mechanical oscillators. Finally, conclusions are summarized in Sec. IV. In addition, some mathematical details are presented in the Appendix.
II. THEORETICAL DISCRIPTION OF THE SYSTEM
As shown in Fig. 1 , we consider an optomechanical cavity with two movable mirrors commonly coupled to a single-mode intracavity field with resonance frequency ω c and cavity decay rate κ. Each of the two mirrors is modeled as a single-mode Duffing-like anharmonic quantum mechanical oscillator with resonance frequency ω j , effective mass m j , energy decay rate γ j , and Duffing anharmonicity parameter λ j (j = 1, 2). The single-mode cavity field is coherently driven by a strong laser field with input power P in , frequency ω L , and amplitude |ε| = The total Hamiltonian of the system in a frame rotating at the laser frequency ω L can be written as ( ≡ 1)
witĥ
HamiltonianĤ op , the first term accounts for the cavitymode energy and the second term describes the coupling between the cavity mode and the driving laser. In addition, the first and second terms in the brackets correspond to the nonlinear Hamiltonian of the jth Duffinglike mechanical resonator. Finally, the third term in the brackets denotes the interaction between the optical field and the jth mechanical oscillator via the radiation pressure force with single-photon coupling strength g j = ωc L 2mj ωj (L being the length of cavity). In HamiltonianĤ at , the first term represents the energy of the atomic ensemble with ∆ e = ω e − ω L , and the second term describes the interaction between the atomic ensemble and the intracavity field with the averaged coupling strengthη = N i=1 η i /N in which η i is the coupling strength of the ith two-level atom with the cavity mode.
In the low-excitation limit, i.e., when the number of atoms in the excited state is much lower than the total number of atoms, the atomic ensemble can be treated as a bosonic mode with annihilation and creation operatorŝ c andĉ † which are related to the Pauli matrices via the Holstein-Primakoff representation [38] :
Therefore, the HamiltonianĤ at can be rewritten aŝ
where η e = √ Nη/2 is the enhanced atom-field coupling strength.
Taking into account the fluctuation-dissipation processes affecting the cavity-field, atomic, and mechanical modes, the dynamics of the hybridized optomechanical system is determined by the following set of nonlinear quantum Langevin equationṡ
where the optical input vacuuum noiseâ in and the atomic ensemble vacuum input noiseĉ in , with zero mean values, are characterized by the nonvanishing Markovian correlation functions â in (t)â † in (t ) = δ(t − t ) and ĉ in (t)ĉ † in (t ) = δ(t − t ), respectively [39] . Also, in the limit of high mechanical quality factor, i.e., Q j = ω j /γ j 1, the Brownian noise operator of the mechanical oscillatorb j,in satisfies the nonvanishing Markovian
−1 is the mean number of thermal phonons of the jth mechanical oscillator at temperature T j with k B being the Boltzmann constant.
In the regime of strong external driving field one can exploit the mean-field approximation in which the quantum operators are expressed as the sum of their steadystate mean values and small quantum fluctuations, i.e., o = ô s + δô with δô
. In this manner, Eqs. (6a)-(6c) lead to a set of linearized quantum Langevin equations for the quantum fluctuation operators, δô, from which one can deduce the following linearized Hamiltonian
where
, and Λ j = 3λ j (1 + 4β 2 j,s ) are the effective detuning of the cavity field, the enhanced optomechanical coupling rate, and the enhanced Duffing parameter of the movable mirror j, respectively. Also, the steady-state amplitude of the intracavity field α s = â s and the steady-state oscillation amplitude β j,s = Re( b j s ) obey the following set of nonlinear algebraic equations
To get a beam-splitter type of interaction, which is responsible for quantum state transfer between different modes, it is convenient to diagonalize the quadratic mechanical part ofĤ L by introducing the mechanical Bogoliubov mode δB j = µ j δb j + ν j δb † j in which
with r j = 1 4 log(1 + 4Λj ωj ). Under this transformation, the Hamiltonian of Eq. (7) is transformed intô
in which Ω j = ω j e 2rj and G j = G j e −rj . Performing the RWA by dropping rapidly oscillating terms, which is justified when G 1 , G 2 Ω 1 , Ω 2 , ∆, Eq. (10) can be approximated by a "beam-splitter like" Hamiltonian which is responsible for the state transferring between the mechanical Bogoliubov modes through the optical mode. But beyond the RWA, due to the unavoidable contribution of the counter rotating terms, quantum state transfer cannot be done perfectly. It is important to note that the required condition for the validity of the RWA depends on the value of r j ; in the absence of the Duffing anharmonicity (r j = 0) the condition is G j /ω j 1, while non-zero Duffing parameter (r j > 0) extends the range of the values of the enhanced optomechanical coupling strength G j over which one can perform state transfer with minimal impact of the counter rotating terms δâ δB j and δâ † δB † j (j = 1, 2). In Fig. 2 , we have plotted the normalized effective optomechanical coupling rate G 1 /ω 1 (Fig. 2(a) ) and the normalized transformed optomechanical coupling rate G 1 /Ω 1 (Fig. 2(b) ) versus the input laser power P in for different values of the single-photon optomechanical coupling rate g 1 . From the comparison of these two figures, it can be concluded that in the absence of the Duffing anharmonicity with increasing P in and also increasing g 1 , the RWA loses its validity. This is while the existence of the Duffing anharmonicity causes the RWA to remain valid over a wide range of values of P in and g 1 . By tuning ∆ = ∆ e = Ω 2 = Ω 1 , within the RWA and in the interaction picture with respect to the free Hamil-
, the linearized quantum Langevin equations for the fluctuation operators read as
whereõ = e iΩ1 tô (o = δa, a in , δc, c in , δB j , B in,j ) and, for the sake of simplicity, we have assumed that γ 1 = γ 2 = γ e = γ. Furthermore,B in,j = µ jbin,j + ν jb † in,j is the input Brownian noise of the Bogoliubov mode of the jth mechanical oscillator with the following correlation functions:
withn r,j = (µ (κ = 0.01ω1), mechanical resonance frequency ω1 = ω2 = 2π × 5MHz, mechanical damping rate γ1 = γ2 = 10 −5 ω1, Duffing parameter λ2 = 10 −4 ω2, and g2 = g1. In addition, we have set ∆ = ∆e = Ω2 = Ω1 and have used the following parameters for the atomic ensemble: enhanced atom-field coupling ηe = 0.3ω1 and atomic decay rate γe = γ1.
1, 2) denote the mechanical quadratures fluctuations. Then, by using of Eqs. (11a)-(11c), it can be shown (see the Appendix) that δˆ U obeys the following relation δˆ U (t) = M(t).δˆ U (t 0 = 0) +ˆ Γ(t), (13) in which M is a 8 × 8 matrix andˆ Γ denotes the vector of noises whose explicit forms are given in the Appendix. Also, since the noises are assumed to be Gaussian, the first moment of the quadratures of each mode is made by extracting the corresponding elements from δˆ U (t) = M(t). δˆ U (t0 = 0) . Furthermore, we define the symmetrized covariance matrix for the entire system as V = 1 2 δˆ U δˆ U T + δˆ U T δˆ U − δˆ U δˆ U T which, by means of Eq. (13), is obtained as
in which V(0) is the symmetrized covariance matrix at the initial time t = 0. Also, we have defined the diffusion matrix N as the symmetrized noise covariance matrix, i.e., N = 1 2 ˆ nˆ n T +ˆ n Tˆ n withˆ n being the vector of noises defined in the Appendix. Employing the correlation functions of Eqs. (12a)-(12b), N can be written as N 0 + N t where N 0 and N t are, respectively, time-independent and time-dependent parts of N whose explicit forms are presented in the Appendix. For the next calculation, with the condition γµ j ν j (1+2n th,j ), G j Ω 1 , we will neglect the time-dependent part N t under RWA.
III. STATE TRANSFER IN THE SYSTEM
In this section, we are going to investigate the quantum state transfer between the collective mechanical mode and the atomic mode (subsection III A) as well as between the mechanical oscillators (subsection III B) before the cavity field reaches its steady state. In addition, we consider the so-called "hybrid" scheme [23] for describing state transfer wherein the corresponding coupling rates are assumed to be turned on simultaneously.
In order to make the transfer process clear, we temporarily ignore the dissipation factors in the dynamics, i.e., κ, γ = 0. By monitoring the atomic, cavity-field, and mechanical modes over time, it can be concluded that state transfer between the mechanical oscillators can be achieved immediately after the operating time t 
From the above equations, it is clear that although the cavity field retains its initial state in which it was prepared, the final states of the mechanical and atomic modes depend on the coupling parameters G 1 , G 2 , η e . As can be seen, the state swapping between the mechanical Bogoliubov modes can be possible when the enhanced atom-field coupling strength η e is much weaker than the effective optomechanical coupling strength G 2 1 + G 2 2 . In this case, Eqs. (15b)-(15d) are reduced to
It is clearly seen that the atomic ensemble mode has regained its initial state, and the mechanical modes will completely exchange their states when they are coupled to the cavity mode with the same strength (G 2 = G 1 ). In fact, the atom-field coupling can be considered as a control parameter for the quantum state transfer between the two mechanical oscillators. When η e → 0, the perfect state transfer between the two mechanical oscillators can occur while for η e = G 2 1 + G 2 2 the transfer of state between the atomic ensemble and the collective mechanical mode
becomes possible. On the other hand, when the atomic ensemble is strongly coupled to the intracavity field (η e G 1 , G 2 ) after the optimum time t (0) s each mode retains its initial state so that the state transfer is totally inhibited. It should be pointed out that it can easily be shown that for η e G 1 , G 2 the transfer of the quantum state between mechanical oscillators can also be possible provided that ∆ = ∆ e = Ω 1 ± η e is established.
In general, the presence of the noise sources seriously disrupts the state transfer between different modes, unless in the many-photon strong coupling condition γn r,j , |κ − γ|/2 G 2 1 + G 2 2 . Also, in the presence of dissipation processes, the swapping time is modified to t s = π/G with
A. atomic quadrature squeezing
In this subsection, we examine and compare the quadrature squeezing in the atomic mode for a given enhanced optomechanical coupling rate G 1 in two different situations: (i) only one of the mirrors is movable (we consider the mirror 2 to be fixed, i.e., G 2 = 0) and (ii) both mirrors move. The quadrature squeezing, which results from the transfer of state from the mechanical Bogoliubov mode to the atomic mode, can be controlled by the enhanced optomechanical coupling rate G 1 and the atom-field coupling η e .
From now on, for the sake of simplicity, we assume that the two mechanical oscillators are identical, i.e., ω 2 = ω 1 , λ 2 = λ 1 , g 2 = g 1 , G2 = G1, and are coupled to the thermal baths with common temperature T 2 = T 1 = T . Also, both mechanical oscillators as well as the atomic and optical modes are assumed to be prepared in their corresponding ground states (δô|0 o = 0, o = a, c, b j ).
For the case (i) straightforward calculations show that in the absence of the noise sources the state transfer can take place between the mechanical mode δB 1 and the atomic mode δc after the operating time t (0)
and is a perfect process when η e = G 1 is established. In consequence 
The atomic quadrature squeezing is the result of the state transfer described by Eqs. (17) and (18). To justify this claim, we consider the variances of the atomic quadratures for the cases (i) and (ii) that can be obtained from Eqs. (17) and (18) To quantify the quadrature squeezing, we consider the degree of squeezing for the quadrature δŷ c which in the dB (decibel) unit is defined by [45] D yc = −10 log 10 var(δŷc(ts)) var(δŷc(0)) where according to the chosen initial condition for the atomic mode, we have var(δŷ c (0)) = (var(δŷ c )) vac = 1/2. Based on this definition, the quadrature δŷ c is said to be squeezed whenever D yc > 0. Figure 3 illustrates the variation of the degree The degree of squeezing of the atomic quadrature δŷc in dB unit versus the normalized atom-field coupling ηe/ω1 for two different values of the enhanced optomechanical couplig rate G1 when T = 25mK, λ1 = 10 −4 ω1, g1 = 6.07 × 10 −4 ω1, and κ = 0.01ω1. For the purpose of comparison, the results of an optomechanical system with a single Duffing-like moving mirror (case (i)) and those of an optomechanical system with two Duffing-like movable mirrors (case (ii)) are plotted alongside each other. The 3 dB limit of squeezing which corresponds to 50% noise reduction below the zero-point level has also been shown. Other parameters are the same as those in Fig. 2. of the squeezing D yc with respect to η e for two different values of G 1 . This figure clearly shows that, in both cases (i) and (ii), with increasing G 1 the generated squeezing becomes stronger, and also the quadrature squeezing beyond the standard 3 dB limit can be achieved in a wide range of values of η e . It should be noted that for the cases (i) and (ii) the maximum value of the degree of the quadrature squeezing occurs, respectively, when η e = G 1 and η e = √ 2G 1 are established. Furtheremore, comparing cases (i) and (ii) for a given value of G 1 indicates that the generated quadrature squeezing in case (ii) is not only stronger but also occurs in a wider range of values of η e .
To study the robustness of the generated squeezing against the noise sources, the behavior of the peaks of the degree of the quadrature squeezing shown in Fig. 3 has been plotted versus the cavity damping rate κ and temperature T , respectively, in Fig. 4(a) and Fig. 4(b) . In these two figures, the green dashed and magenta dotdashed lines correspond to the case (i) while the blue dotted and red solid lines correspond to the case (ii). As can T = 25 mK (a 3 dB limit Maximum available degree of atomic quadrature squeezing shown in Fig. 3 versus (a) the cavity damping rate κ for T = 25mK, and (b) the temperature of the thermal baths T for κ = 0.01ω1. The green dashed and magenta dot-dashed lines show the degree of squeezing in the optomechanical system when only one of the mirrors is movable, while the blue dotted and red solid lines present the same quantity in the optomechanical system with two Duffing-like movable mirrors. Other parameters are the same as those used in Fig. 3. be seen, in both cases (i) and (ii), with increasing G 1 the generated squeezing becomes more robust. Although in an optomechanical system with Duffing-like mirrors the thermal noise depends on the squeezing parameter r 1 (see definition ofn r given just after Eq. (12c)) and increases with increasing G 1 , due to the dramatic reduction of the time needed for the state to be completely transferred, the effect of the thermal noise on the quadrature squeez-ing is reduced. Also, as already mentioned, the existence of the Duffing anharmonicity makes it possible to reduce the ratio κ G 1 by increasing G 1 without breaking down the validity of the RWA. In addition, comparing the results of the cases (i) and (ii) shows that, for a given optomechanical coupling rate G 1 , the degree of generated quadrature squeezing in the optomechanical system with two Duffing-like movable mirrors changes slower with κ and T than that corresponding to the system with a single Duffing-like movable mirror, which is due to the shorter transfer time in the former case.
B. quantum state transfer between mechanical oscillators
Here, we assume that the state to be transferred is a squeezed state of the form | , ξ = D( )S(ξ)|0 1 initially mapped on the mechanical mode 1, where D( ) = exp( δb † 1 − * δb 1 ) is the displacement operator with the coherent amplitude and S(ξ) = exp(
) is the single-mode squeezing operator with ξ being the real squeezing parameter. This initial Gaussian state is determined by the first moment
together with the covariance matrix
In addition, we assume that the transfer destination is the mechanical mode 2 which is prepared in its ground state |0 2 (δb 2 |0 2 = 0). The atomic and cavity modes are also considered to be initially prepared in their corresponding ground states. The final Gaussian state is determined by the first moment (see Eq. (13))
derived from Eq. (14) with N ≈ N 0 and the definitions cov(o1, o2) = 1/2 o1o2 + o2o1 − o1 o2 and var(o1) = cov(o1, o1).
Furthermore, in order to investigate the performance of the state transfer, we use the Ulhmann fidelity [46] which for the transfer of a single-mode Gaussian state can be written as [23] 
with the heating parametern h and amplitude-decay parameter λ h defined bȳ
In order to achieve a perfect state transfer both parametersn h and λ h must be reduced as much as possible. The performance of the state transferring (fidelity) as a function of the normalized enhanced optomechanical coupling rate G 1 /ω 1 for different values of and ξ has been plotted in Fig. 5(a) . In addition, the variations ofn h and λ h with G 1 /ω 1 have been plotted, respectively, in Fig. 5(b) and Fig. 5(c) . It is well seen from Fig. 5(a) that there is an optimal value of G 1 , denoted by G 1,opt , for which the fidelity is maximal. Therefore, although the presence of the Duffing anharmonicity extends the range of validity of the RWA, this does not mean that if we increase G 1 to any desired value, the maximum available fidelity will also increase. The maximum available F as well as the width of the peak of the fidelity depend on the magnitude of the squeezing parameter of the initial state written on the mechanical mode δB 1 . Fidelity reaches its maximum value whenn h and λ h are reduced as much as possible. Numerical calculation shows that the minimum ofn h located at the solution of r 1 G1=G1,opt ≈ ξ + mines the maximum of F . So, in addition to ξ, the value of G 1,opt depends also on the cavity damping rate, atomfield coupling strength, and the Duffing parameter λ 1 . Since r 1 is an ascending function of G 1 , with increasing ξ the point of intersection between r 1 and ξ + π κ 2G (G 1,opt ) is shifted to larger values of G 1 . By increasing G 1,opt the time needed to transfer the state and the contributions of the noises to the degradation of the state are noticeably reduced. Consequently, by tuning G 1 = G 1,opt a given quantum state can be transferred with the highest possible fidelity. Another point to be noted here is that for G 1 ω 1 , quantum states with larger squeezing parameters are transferred with lower fidelities. This illustrates well that the system under investigation is a good candidate for the transfer of strongly squeezed quantum states.
To investigate the effects of the sources that disrupt the fidelity (κ,η e ,T ), in Figs. 6(a)-6(c) we have plotted the variation of the fidelity with respect to the cavity damping rate, the atom-field coupling, and the temperature of the baths for the initial squeezed state | = 1, ξ = 0.5 . For comparison, the fidelity of the state transferred from the mechanical oscillator 1 to the mechanical oscillator 2 in the absence of the mechanical anharmonicity (λ 2 = λ 1 = 0) for G 1 = 0.1ω 1 (where the RWA is valid) has also been shown in each panel (black dashed line).
As previously mentioned, if η e is weaker than √ 2G 1 , then the quantum state will be exchanged between the two mechanical oscillators with a higher fidelity. In addition, by decreasing the ratio κ/G 1 the time needed to transfer the quantum state and, consequently, the destructive effect of the cavity damping will be reduced. As a result of these facts, for stronger optomechanical coupling rate G 1 the fidelity F reduces more slowly with increasing κ (Fig. 6(a) ) and η e (Fig. 6(b) ). It should be noted that in the panel (c) the magenta dot-dashed line shows the variation of the fidelity for G 1 = G 1,opt ≈ 0.3ω 1 . As can be seen from the figure, the fidelity for G 1 = G 1,opt exhibits the highest robustness to the increase in the temperature. In the system under consideration, the thermal phonon numbern 2,r =n 1,r =n r is an ascending function of G 1 and T . For this reason, when G 1 > G 1,opt the fidelity decreases rapidly with increasing T .
IV. CONCLUSION
In conclusion, we have studied theoretically the quantum state transfer in a laser driven hybrid optomechanical cavity with two Duffing-like movable end mirrors containing an atomic ensemble for the case before the cavity field reaches the steady state. We have explored the squeezing transfer from the collective mechanical Bogoliubov mode to the atomic ensemble as well as the transfer process of a pre-written squeezed state from one mechanical mode to another. We have realized that the state transfer from the Bogoliubov modes of the anharmonic oscillators to the atomic mode may lead to the controllable atomic quadrature squeezing beyond the standard quantum limit of 3 dB. In particular, the results reveal that the robustness of the generated atomic quadrature squeezing against the noise sources can be enhanced by the Duffing anharmonicity. Besides, we have shown that in the presence of the Duffing anharmonicity it is possible to transfer strongly squeezed states between the two mechanical oscillator in a short operating time and with a high fidelity. This suggests that the Duffing anharmonic mechanical oscillators are more suitable candidates as the nodes in quantum networks desingned for transferring strongly squeezed states.
APPENDIX: THE EXPLICIT FORMS OF THE MATRIX M, VECTOR OF NOISE OPERATORS Γ, AND DIFFUSION MATRIX N
The equations of motion (11a)-(11c) lead to the following equations of motion for the vector of quadrature fluctuation operators δˆ U in the compact matrix form δ˙ U (t) = A.δˆ U (t) +ˆ n(t), (j = 1, 2) refer to the input noise quadratures of the mechanical mode j. Also, the drift matrix A is given by 
where χ 1 = κ+γ 2 , χ 2 = κ−γ 2 , and G = G 2 1 + G 2 2 + η 2 e − χ 2 2 . Finally, straightforward calculation shows that the diffusion matrix N, introduced in the text, can be written as the sum of two distinc parts: the time-independent diagonal matrix N 0 given by N 0 = Diag{γ, γ, κ, κ, γ(1 + 2n r,1 ), γ(1 + 2n r,1 ), γ(1 + 2n r,2 ), γ(1 + 2n r,2 )}, (A11) and the time-dependent part N t given by 
and N j = γ sinh(2r j )(1 + 2n th,j ). 
